The HYPERDIRE is a project devoted to creation of a set of Mathematica based programs for differential reduction of hypergeometric functions. The current version includes two parts: one, pfq, is relevant to manipulation with hypergeometric functions p+1 F p , and second, AppellF1F4, to manipulations with Appell's hypergeometric functions of two variables F 1 , F 2 , F 3 , F 4 . As application, a few multiloop Feynman Diagrams of propagator type are considered.
LONG WRITE-UP 1 Introduction
Multiple hypergeometric functions [1] [2] [3] [4] play an important role in many branches of science. In particular, a large class of Feynman Diagrams are expressed in terms of Horn-type hypergeometric functions [5] .
Let us consider a multiple series:
H( γ; σ; x) = ∞ m 1 ,m 2 ,··· ,mr=0
with µ ab , ν ab ∈ Q, γ j , σ k ∈ C. The sequences γ = (γ 1 , · · · , γ K ) and σ = (σ 1 , · · · , σ L ) are called upper and lower parameters of the hypergeometric function, respectively. Let e j = (0, · · · , 0, 1, 0, · · · , 0) denote the unit vector with unity in its j th entry, and define x m = x In this way, the Horn-type structure provides an opportunity to reduce hypergeometric functions to a set of basis functions with parameters differing from the original values by integer shifts: 
where P 0 ( x) and P m 1 ,··· ,mp ( x) are polynomials with respect to γ, σ and x, and k, l are lists of integers. Algebraic relations between the functions H( γ, σ; x) with parameters shifted by integers are called contiguous relations. The development of systematic techniques for solution of contiguous relations has a long story. It was started by Gauss who described the reduction for the 2 F 1 hypergeometric function in 1823 [1] . Numerous papers have since been published [6] [7] [8] on this problem. An algorithmic solution was found by Takayama in Ref. [9] , and those methods have been extended in a later series of publications [10, 11] (see also [12] ).
Let us recall that any hypergeometric function can be considered to be the solution of a proper system of partial differential equations (PDEs). In particular, for a Horn-type hypergeometric function, the system of PDEs can be derived from the coefficients of the series. In this case, the ratio of two coefficients can be represented as a ratio of two polynomials,
so that the Horn-type hypergeometric function satisfies the following system of differential equations:
where j = 1, · · · , r. It was pointed out in several publications [13] [14] [15] that (i) the differential reduction algorithm, Eq. (4), can be applied to reduction of Feynman Diagrams to some subset of basis hypergeometric functions with well-known analytical properties [13, 14] ; (ii) the system of differential equations, Eq. (6), can be used also for construction of, so-called, ε-expansion of hypergeometric functions around rational values of parameters via direct solution of the system of differential equations [15] . This is another motivation for creating the package for manipulation with parameters of Horn-type hypergeometric functions. The aim of this paper is to present the Mathematica [16] based package HYPERDIRE for the differential reduction of the Horn-type hypergeometric function with arbitrary values of parameters to a set of basis functions. The current version consists of two parts: one, pfq, for manipulation with hypergeometric function, p+1 F p , and the second one, AppellF1F4, for manipulations with Appell functions, F 1 , F 2 , F 3 , F 4 . The algorithm of differential reduction for other functions can be implemented as an additive module.
In contrast to the recent programs written by members of Computational Particles Physics [17] [18] [19] , the aim of our package is the manipulation with hypergeometric functions without construction of ε-expansion [20, 21] .
The preliminary version of pfq was presented in [22] and is available in [23] . The latest version is available in [38] .
2 Differential reduction algorithm for generalized hypergeometric function p+1 F p
General consideration
Let us consider the generalized hypergeometric function, p F q (a; b; z), defined around z = 0 by a series
where (a) k is a Pochhammer symbol, (a) k = Γ(a + k)/Γ(a). The sequences a = (a 1 , · · · , a p ) and b = (b 1 , · · · , b q ) are called the upper and lower parameters of hypergeometric functions, respectively. In terms of the operator θ:
the differential equation for the hypergeometric function p F q can be written as
Differential reduction
The Differential reduction for these functions was analyzed in details in [14] . Here we remind some of the main relations relevant to our program. The universal differential operators, Eqs. (2),(3), have the following form:
where the operators B
) are called the step-up (step-down) operators for the upper (lower) parameters of hypergeometric functions. This type of operators were explicitly constructed for the hypergeometric function p+1 F p by Takayama in Ref. [10] . For completeness, we reproduce his result here:
where
and
where | a→a+1 means substitution of a by a + 1, and polynomials P (p)
is a polynomial of an order of s with respect to variables r, and
For example, P
we get that these polynomials satisfy the following relations:
where j = 1, · · · , p − k. In particular,
The differential reduction has the form of a product of several differential step-up/stepdown operators, H ± b k and B ± a k , respectively:
so that maximal power of θ in this expression is equal to r ≡ i m i + j n j . Since the hypergeometric function p+1 F p ( a; b; z) satisfies the differential equation of an order of p+1 (see Eq. (6)):
it is possible to express all terms containing higher power of the operator θ k , where k ≥ p+1, in terms of rational functions of parameters and argument z times by θ j , where j ≤ p. In this way, any function p+1 F p ( a+ m; b+ k; z) is expressible in terms of the basic function and its first p-derivative:
where m, k is the set of integer numbers, and S and R i are polynomials in the parameters {a i }, {b j } and z. From Eq. (13) follows that if one of the upper parameters a j is equal to unity, then the application of the step-down operator B 
we get the differential identity
The case when two or more upper parameters are equal to unity, a 1 = a 2 = 1, does not generate any new identities.
3 Differential reduction for the Appell hypergeometric functions 3.1 Appell hypergeometric functions: system of differential equations
Let us consider the system of linear differential equations of the second order for the functions ω( z):
where z = (z 1 , z 2 ) and z 1 , z 2 are variables, {P j , R j } are rational functions, θ j = z j ∂ z j for j = 1, 2 and
The exploring of θ j instead of the standard ∂ j is explained by our applications. Taking the derivative of Eq. (22) with respect to θ 2 , using the wellknown property ∂ 2 ∂ 11 ω( z) = ∂ 1 ∂ 12 ω( z) and applying Eq. (23), we rewrite the first equation as follows:
Repeating a similar operation for Eq. (23) we get
It is well known [2] that under condition
there are 4 independent solutions of system (22), (23) . In this case, Eqs. (24), (25) can be solved so that
The condition of complete integrability is defined from the relation ∂ 1 (∂ 122 ω( z)) = ∂ 2 (∂ 112 ω( z)), or in terms of the quantities (27) and (28) it has the following form:
where we have used the following relation (29) is valid, Eqs. (22) and (23) can be reduced to the Pfaff system of four differential equations
θ 12 ω( z) are expressible in terms of three other elements: ω( z), θ 1 ω( z), θ 2 ω( z). In particular, Table 1 :
in terms of the notation of Eqs. (24), (25),
In this case, the integrability conditions are valid and Eqs. (22) and (23) can be reduced to the Pfaff system (30) of three differential equations f = (ω( z), θ 1 ω( z), θ 2 ω( z)) , and the system has 3 solutions. For Appell's hypergeometric functions F 1 , F 2 , F 3 and F 4 the values of coefficients of Eqs. (22), (23) 
General consideration
Let us consider the Appell hypergeometric functions F 1 defined around x = y = 0 as
In this case, Eqs. (22) and (23) have the following form:
The Eq. (31) is fulfilled and Eq. (32) has the following form:
or in terms of the operators θ x , θ y
Differential Reduction of F 1
The direct differential expressions follow from Eqs. (2) and (3) 
The inverse differential relations were considered in [2, 7] :
The differential reduction for the parameter "b 2 " follows from Eqs. (39) and (42) and the symmetry property of the function
3.3 Appell hypergeometric function: F 2
General consideration
Let us consider the Appell hypergeometric functions F 2 defined around x = y = 0 as
In this case Eqs. (22) and (23) have the following form:
The condition, Eq. (26), is fulfilled and Eqs. (27) and (28) have the following form:
Differential Reduction of F 2
The direct differential expressions follow from Eqs. (2) and (3)
The inverse differential relations were considered in [7] :
The differential reduction for the parameters "b 2 " and "c 2 " follows from Eqs. (50), (53) and Eqs. (51), (54) and symmetry property of function
3.4 Appell hypergeometric function: F 3
General consideration
Let us consider the Appell hypergeometric functions F 3 defined around x = y = 0 as
Differential Reduction of F 3
(62)
where in the last expression,
The differential reduction for the parameters "a 2 " and "b 2 " follows from Eqs. (60), (63) and Eqs. (61), (64), respectively, and the symmetry property of the function F 3 :
3.5 Appell hypergeometric function: F 4
General consideration
Let us consider the Appell hypergeometric functions F 4 defined around x = y = 0 as
The condition, Eq. (26), is fulfilled and Eqs. (27) , (28) have the following form:
The condition, Eq. (26), is fulfilled. However, instead of Eqs. (27) , (28) , which are very long in this case, we present the results in the following form:
where the values of θ xx ω and θ yy ω are taken from Eqs. (68) and (69).
Differential Reduction of F 4
The differential reduction for the parameters "b" and "c 2 " follows from Eqs. (72), (74) and Eqs. (73), (75), respectively, and the symmetry property of the function 
Appell hypergeometric functions: exceptional values of parameters
As was explained in Section 3.1, the differential reduction algorithm in application to Appell's functions could be written symbolically as follows:
where j = 2, 3, 4, m is a set of integers, A is a set of parameters, R, S, P i , Q i are some polynomials and θ x = x∂ x (θ y = y∂ y ). However, there is a special subset of values of parameters when the results of differential reduction, Eqs. (76) For Appell's hypergeometric functions, F 1 , F 2 , F 3 and F 4 , the exceptional set of parameters are enumerated in Table 2 .
It is not surprising that the set of exceptional values of the parameters coincides with the set of parameters defining the condition of irreducibility of monodromy group of the corresponding hypergeometric functions (see [24] and references therein). We are expecting that the condition of irreducibility of the Mellin-Barnes integral [25] can be used as a criterion of irreducibility of Feynman Diagram.
version deals with non-exceptional and exceptional values of parameters. The Takayama algorithm is implemented in file "pfq.m", and an example of application is given in the file "example-pfq.m".
The program could be loaded in a standard way: 
calculates explicitly the ratio of the functions {R k } and S of Eq. (19) . The "Argumentsvector" in Eq. (78) is the set of parameters of the hypergeometric function in the l.h.s of Eq. (19) with an explicit set of integer numbers, by which each parameter should be shifted:
where M , K are integers, a, b are any symbols, and x denotes the argument of the hypergeometric function. The output of ToGroebnerBasis[. . . ] has the following structure: • {Q 1 , · · · , Q p+1 } are the rational functions where the numbering corresponds to power of θ i , i = 0, . . . , p;
• factor is an overall factor.
The explicit form of Eqs. (78)- (80) is the following: 
, {{a 1 , a 2 , a 3 } , {b 1 + 1, b 2 + 1} , x} , 1} corresponds to
In both these examples, IntegerPart = {· · · } means the set of integer values of parameters in the original hypergeometric function, e.g. IntegerPart = {1, 2, 0, 1, 2} in Example 1, and changeVector = {· · · } corresponds to values of the parameters which should be changed, e.g. changeVector = {−1, −2, 0, 0, −1} For non-exceptional values of the parameters the differential reduction is performed with the help of Eqs. (10), (11), (13), (14) . The higher powers of the operators θ k are expressed with the help of the differential equation for the hypergeometric function, Eq. (9). Also, the following relation is used in some cases:
Exceptional values of parameters
When some of the upper parameters of the initial hypergeometric function are integer, then the higher power of the differential operator can be excluded with the help of Eq. (21) 
are the set of parameters and argument of the resulting hypergeometric function;
• if upper parameter is integer, the proper a j is equal to zero;
• {Q 1 , · · · , Q p } are the rational functions where the numbering corresponds to power of θ i , i = 0, . . . , p − 1;
• factor is overall factor;
• Q p+1 is the resulting polynomial entering in the r.h.s. of Eq. (21).
In the explicit form
where M is a set of integers.
Example 4 : reduction of 3 F 2 with an integer parameter.
IntegerPart={3,1,1,2,2} changeVector={-2,0,0,0,0}
, {}, 1} ,
In an explicit form it is
Other useful relations which are implemented in the function ToGroebnerBasis[. . . ] are the relations derived in [26] :
where m j are positive integers, J n = j 1 + · · · + j n , and 
, {{a 2 , a 3 } , {b 2 + 1} , x} , 1}
In an explicit form:
The following relations:
where q ≤ r and a j , b k = 1 are implemented in Mathematica 7.0.
5 AppellF1F4 -Mathematica based program for differential reduction of Appell's functions
In this section, we will present the MATHEMATICA 3 based program AppellF1F4 for differential reduction of the Appell hypergeometric functions F 1 , F 2 , F 3 and F 4 . The program is available in [38] . The current version, 1.0, deals with non-exceptional values of a parameters only.
The program could be loaded in a standard way:
The package includes the following basic routines: 
The "changingVector" in Eq. (91)- (94) is the set of integers at which we want to change the values of parameters of the Appell functions (vector m in Eqs. (76), (77) ). The set of parameters of Appell's function are defined in the list "parameterVector" (corresponds to vector A + m and arguments x, y in the l.h.s. of Eqs. (76), (77) ). We want to point out that enumeration of parameters and arguments in the "parameterVector" correspond one-to-one to Eqs. (33), (44), (55), (67).
The output of F1IndexChange[] and F{234}IndexChange[], has a little different structure.
Appell function F 1
The structure of output of F1IndexChange[] is the following: 2. A, B, C are the rational functions corresponding to the ratio of P 0 /R, P 1 /R and P 2 /R of functions entering in Eq. (76).
Example 6
4 : reduction of F 1 .
Routine explicitFormF1[· · · ] converts the result of reduction to Mathematica standard expression for the Appell function F 1 .
AppellF1 (a + 1; b 1 − 1, b 2 ; c; z 1 , z 2 ) .
Appell functions F
The output of F2IndexChange[], F3IndexChange[], and F4IndexChange[], is similar and has the following structure:
{{A,B,C,D}, {parameterVectorNew}, {NameOfFunction}, 
The Appell functions F 2 , F 3 and F 4 , are not built in the current version of Mathematica (version 7.0), so that the AppellF1F4 package does not include a function similar to explicitFormF1[].
6 Application: reduction of Feynman Diagrams
Hypergeometric structure of Feynman Diagrams
The standard way of analytical evaluation of multiloop Feynman Diagrams is based on exploring of integration by parts relations [27] for the reduction of original diagram to set so-called master-integrals. This reduction can be performed in an arbitrary space-time dimension (before construction of ε-expansion). Now there are a few ways of computer realization of this algorithm [28] . In a series of papers [13, 14] it was pointed out that the hypergeometric representation of Feynman Diagram in conjunction with the differential reduction algorithm allow one to make reduction directly in terms of hypergeometric functions. In particular, it was formulated the conjecture about the structure of the hypergeometric representation of Feynman Diagram (see as review [29] ).
Let us consider the hypergeometric representation of the Feynman diagram Φ(n, j; z),
where H a ( β a ; λ a ; ξ) are the Horn-type hypergeometric functions defined by Eq. (1), j is a list of the powers of the propagators in the Feynman diagram, n is the space-time dimension, ξ are the arguments of the hypergeometric functions which are related to the kinematic invariants of the Feynman diagram, {β a , λ a } are the linear combinations of j and n with a polynomial coefficients, and S a are the rational functions of the variables z with the coefficients depending on n and j. In general, the r.h.s. of Eq. (100) can include the different types of the hypergeometric functions (e.g. p+1 F p and p F p−1 , where p is integer, are allowed). Our proposition is that: (i) regardless the type of functions in the r.h.s. of Eq. (100) the number of basis elements is the same (up to a module of rational functions) for each term of the r.h.s. of Eq. (100); (ii) the number h of nontrivial master integrals following from integration-by-parts relations which are not expressible in terms of gamma functions is then equal to the number of basis elements L for each term of the r.h.s. of Eq. (100).
As illustration of the differential reduction algorithm and our conjecture, let us consider the diagrams shown in Figs.1, 2 and 3.
V 0002
Let us start from consideration of the two-loop propagator diagram V 0002 depicted in Fig. (1) with one massive line and three-massless lines: 
Closing the contour of integration in Eq. (102) on the right, we obtain
Both hypergeometric functions in Eq. (103) are reducible to the 2 F 1 functions with one unity upper parameter, namely,
respectively, plus rational functions of z. In accordance with Section 6.1, there is only one nontrivial master-integral in the framework of integration-by-parts relations and a few integrals expressible in terms of the product of Γ-functions. In accordance with Tarasov's algorithm [30] there is one master integral of the same topology and two integrals expressible in terms of the product of Γ-functions [31] .
For completeness, we will present a few first terms of ε-expansion of the master-integral. For n = 4 − 2ε, where ε is the parameter of dimensional regularization [32] and j 1 = σ 1 = σ 1 = σ 2 = 1, we have
where ε-expansion are available:
where Li n (z) and S a,b (z) are classical and Nielsen polylogartihms, respectively. For the first hypergeometric function we apply the following relation:
Its Mellin-Barnes representation reads:
Closing the contour of integration in Eq. (110) on the right, we obtain
Both hypergeometric functions in Eq. (112) are reducible to the 2 F 1 functions with one unity upper parameter, namely,
respectively, plus rational functions of z. For this diagram there is only one nontrivial master-integral in the framework of integration-by-parts relations and an integral expressible in terms of the product of Γ-functions. For completeness, we will present a few first terms of the ε-expansion of the masterintegral. For n = 4 − 2ε, where ε is the parameter of dimensional regularization [32] and α 1 = α 2 = σ = λ = β = 1, we have Let us consider the q-loop bubble type diagram B q 1122000 5 (see Fig. 2 ) defined as 
where x + r + s = q − 2 , q ≥ 3 , and we have introduced the short notation,
ν a , a β 1 ,β 2 ,ν,ρ,σ = β 1 +β 2 +σ+ν +ρ , α 1,2 = α 1 +α 2 , β 1,2 = β 1 +β 2 , a ν,ρ,σ = σ+ν +ρ , a ρ,σ = σ + ρ , a β 1 ,ν,ρ,σ = β 1 +σ+ν +ρ , a β 2 ,ν,ρ,σ = β 2 +σ+ν +ρ .
The result could be written as a sum of 5 hypergeometric functions of type 8 F 7 of argument m 2 /M 2 or M 2 /m 2 . The expression is really long to be considered here. More interesting particular cases could be derived when q, r, s, x take special values. The detailed analysis of this diagram was presented in [13] . The result for diagram B .
Let us analyze the result of the differential reduction of hypergeometric functions in Eq. (132) assuming that all powers of propagators are integer. For q = 2, both hypergeometric functions are reducible to function and their first derivative only (in accordance with the results of Section 3.6) F 4 (a + m 1 , b + I 1 , c + m 2 , b|x, y) = (1, θ x , θ y ) × F 4 (a, b, c, b|x, y) + R 1 (x, y) , (133) F 4 (a + m 1 , I 1 , c + m 2 , b + m 3 |x, y) = (1, θ x , θ y ) × F 4 (a, 1, c, b|x, y) + R 2 (x, y) , (134) where {m i } is a set of integers, and R 1 , R 2 are rational functions. For q ≥ 3 the result of differential reduction coincides with Eq. (77).
In accordance with Section 6.1, there are three nontrivial master integrals for q = 2 and four ones for q ≥ 3.
For completeness, we also present the explicit results for the diagram J q 012 (see Fig. 3 )( when external momenta on mass shell of one of the internal masses)
Conclusion
The differential reduction algorithm [9] allows one to compare Horn-type hypergeometric functions with parameters whose values differ by integer. In this paper, we have presented the Mathematica based package HYPERDIRE for differential reduction of the generalized hypergeometric functions p+1 F p and Appell functions F 1 , F 2 , F 3 and F 4 to a set of basis functions, defined by Eqs. (19) , (76), (77), respectively. These functions are closely related with a large class of Feynman Diagrams [5] . In contrast to existing packages, our package performs reduction of hypergeometric functions before ε-expansion and works with arbitrary values of parameters. The package could be easy extended to other Horn-type hypergeometric functions by adding new modules.
As an illustration of our approach, we considered a few examples, namely the Feynman diagrams shown in Figs. 1-3 with arbitrary powers of propagators and space-time dimension.
